1* Introduction, The structure of a lattice L, in particular its representation as direct or subdirect unions, depends heavily on the structure of Θ(L), its lattice of congruence relations. Thus a natural problem which arises is that of determining those lattices whose congruence lattices have certain specified properties. Two problems of this general type are considered here.
The first problem involves the sequence of iterated congruence lattices. If D is a distributive lattice, then as is well known, D is isomorphic with a sublattice of 6
(D). Hence the iterations of Θ(D) form an ascending chain, D < Θ(D) < Θ(Θ(D)) <
. We shall show that this chain terminates if and only if D is finite, thus answering a question of Morgan Ward. This result is a consequence of the theorem stating that if L is an arbitrary lattice, then L = Θ(L) if and only if L is a finite boolean algebra. The proof of the latter statement rests on the following embedding theorem: if D is a distributive lattice of infinite cardinality α, then every distributive lattice of cardinality at most 2» can be embedded
in Θ(Θ(Θ(Θ(D)))).
The second problem considered is that of characterizing those lattices L for which Θ(L) is a boolean algebra. 1 This problem has been solved previously by Tanaka [5] and by Gratzer and Schmidt [3] , however, neither of these solutions is given entirely in terms of the intrinsic structure of the lattice L. Here such an " intrinsic" characterization is obtained, which has the form of a finiteness condition on the lattice. Several applications of this result are given, which illustrate the finiteness nature of the condition of complementation of Θ(L).
The main tool used in this investigation is the compactly generated property of Θ(L) (see §2). This property is a generalization of the ascending chain condition, and many important consequences of the chain condition also hold in lattices which are compactly generated.
2 Preliminaries. Throughout this note the familiar notation and terminology is used. The unit and null elements of a lattice L will be denoted by u and z respectively. A quotient α/δ is defined by α/6 = {x e L b < x < a}. We say α/6 is prime if a covers 6. Each of the quotients a/a Π b and a U b/b is said to be a transpose of the other. And a quotient c\d is weakly protective into a\b if there exists a finite The second lemma is due to R. P. Dilworth [2, p. 349] , Let us say that a congruence θ collapses a quotient α/6 if a Ξ= 6 (θ). Suppose Q is a set of quotients of a lattice L. For single quotients α/6, the congruence relation generated by collapsing α/6 will be denoted by 0 α/& .
A fundamental property of Θ(L), the lattice of all congruences of a lattice L, is that of being compactly generated. An element c in a complete lattice L is said to be compact if for every subset S c L such that c < \JS there exists a finite subset S'cS such that c<|JS'. A lattice L is compactly generated if L is complete and every element of L is a join of compact elements. Since for any lattice L the congruences θ alh are compact and generate Θ(L), we have the following important lemma. in ajb. Thus, since x = U {b U c | c compact, c < x} for each x e ajb, the quotient α/δ is compactly generated. Now suppose ajb is a proper quotient of L. Let c > b be a compact element of ajb, and let P={xe a\b \ c > x > b}. P is non-empty since b e P. Considering P as a subpartially ordered set of α/6, let M be a maximal chain of P, and let ^ = (JM. Clearly c > q. Suppose c = g. Then since c is compact, there exists a finite subset {x 19 •••,#*} c M" such that c < x x U U «?*• But ikf is a chain and hence if x 3 is the largest of the elements x 19 , 05 Λ , then c < a^, contrary to α^ < c. Thus c > q. Suppose there is an element y e ajb such that c > y > q. Then the set-sum of {y} and Mis a chain of P, contrary to the maximality of M. Hence c covers q> and it follows that L is weakly atomic.
Notice that from the preceding lemma it follows that every compactly generated complemented modular lattice L is atomic. For suppose x e L, x > z. Then there is a compact element c such that x > c and c > z. As shown above, there exists an element q such that c covers q. Let p be a relative complement of q in c/#. Since c ~ p [j q covers g, by modularity p covers p Π q = 2. Hence p is an atom contained in x, and L is atomic.
The following lemma will also be needed. Since c is compact, c < a x U U α fc for a finite number of elements a 19 , a k e A. Thus c < b
and the assertion follows.
Suppose now that U, V <Ξ X. Let S and Γ be the set-sum and setproduct respectively of U and V. Clearly U^U U^=US. By infinite distributivity (U 17) Π (U V) = UsE^x'eF^ Π«' = i/U LJΓ^LJΪ 1 . (Here we take \JU = y it U is empty.) Similarly it follows that U^ = U V if and only if 17= V. Hence {\JU\U^X} is a sublattice of L isomorphic with the boolean algebra of all subsets of X. Suppose X is the set of atoms of L, and u~\JX.
Then for each αeL,α = αίlU^ = \Ja n X=\J{x e X\x<a}. Thus L= {U^l^^}, and hence L is the boolean algebra of all subsets of X. 
Suppose p\q is not prime, that is, for some r e L,p> r > q. Since θ plq is an atom, θ plq = θ plr = θ rlqj and hence by Lemmas 2.2 and 2.1 (a), p\q contains a proper quotient p\s and r\q contains a proper quotient g/h such that p/s and g/h are projective. By Lemma 2.1 (b), a quotient e// exists which is a transpose of both p/s and 0/fc. Suppose e U s -p, e Π s = /, and fl)g = e,fp[g = h. Then s > f, and hence s > ^ U / = β. Thus p = s U e = s, contrary to p > s. Similarly, the other conditions for e\f to be a transpose of both p\s and #/fc are impossible. Thus p must cover g, and hence every atom of Θ(L) is generated by a prime quotient. Since Θ(L) is atomic, for every proper quotient α/6, # α/δ contains an atom θ plq generated by the prime quotient p\q. Hence by Lemma 2.1 (a) and Lemma 2.2, a\b contains a quotient c[d which is projective to p/q. But in any modular lattice projective quotients are isomorphic, and thus c\d is prime. Hence L is weakly atomic.
Recall that a congruence θ on a lattice L is completely irreducible
The image of L under any completely irreducible congruence is a subdirectly irreducible lattice. Proof. Let P be the partially ordered set of all congruences φ on L such that φ 2: θ. Let M be a maximal chain of P, and let θ* = U^f If 0 < 0*, then since 0 is compact, θ < φ x U U φ k for a finite number of elements φ x , , φ k e M. But I is a chain, whence if φ 5 is the largest element among φ lf •• ,Φ fc , then θ<φ jf a contradiction. Hence #* 2 #• Suppose Π {0 e 0(L) | 0 > #*} = 0*. Then for some φ 0 > θ* it must be that φ Q^t θ. But then the set-sum of {φ 0 } and Mis a chain of P properly containing M, contrary to the maximality of M. Hence 0* is completely irreducible, and the lemma follows.
If D is an infinite distributive lattice, then either D has an infinite acsending chain or D has an infinite descending chain. Suppose D has an infinite ascending chain, α 0 < a 1 < < α t < . 
embedded in Θ(D). Thus if D is an infinite distributive lattice, then for every countable distributive lattice L, Θ(L) contains a sublattice isomorphic with L. Suppose now that D is the chain of real numbers. Then since every set of disjoint intervals of D is at most countable, it follows that no distributive lattice with more than a countable number of atoms can be embedded in Θ(D). Thus if D is a distributive lattice of infinite cardinality a, then in general every distributive lattice of cardinality a cannot be embedded in Θ{D).

THEOREM 3.1. Let D be a distributive lattice of infinite cardinality a. If L is any distributive lattice of cardinality at most 2*, then Θ\D) contains a sublattice isomorphic with L.
Proof. Since Θ(D) is compactly generated, it is weakly atomic by Lemma 2.4. Hence by Lemma 3.1, Θ\D) is atomic. Let M be the set of atoms of Θ\D), and let β be the cardinality of M. For every atom π e M f let π* be a completely irreducible congruence on Θ(D) such that 7Γ* 2: π. Since every atom of Θ\D) is necessarily compact, such a completely irreducible congruence exists by Lemma 3.2. Then since Θ\D) is atomic, HUe^^* must equal the null congruence on Θ(D). Now the image of any distributive lattice under a completely irreducible congruence is the two-element lattice. Hence Θ(D) has a representation as a subdirect union of β copies of the two-element lattice. Thus Θ(D) has cardinality at most 2 β , and since Θ(D) contains D as a sublattice, we must have 2 β > a. In Θ\D) let μ = U M. Then the principal ideal (μ) of Θ\D) is isomorphic with the boolean algebra of all subsets of M, by Lemma 2.5. Now every ideal of (μ) is also an ideal of Θ\D). Thus under the natural mapping of the lattice of ideals of Θ\D) into Θ 3 (D) , the lattice of ideals of (μ) is mapped into Θ\D) in such a way that coverings in the lattice of ideals of (μ) are preserved. Thus if λ 6 Θ\D) is the image of μ under the natural mapping, and J c Θ\D) is the set of all images under this mapping of the maximal ideals of (μ), then λ covers each element σ e J. A result of Tar ski [6, p. 62] states that a complete atomic boolean algebra with β atoms has 2 2β maximal ideals. Thus J has cardinality 2 sβ . Suppose σ lf σ 2 e J with σ x Φ σ 2 . Then XI σ x and λ/σ 2 generates congruence θ klσχ and θ λ , σ2 on Θ\D). Suppose 0 λ/σi = 0 λ/ov Then since XI σ t are prime, by Lemma 2.1 there exists a prime quotient p/τ which is a transpose of both λ/oΊ and λ/σ 2 . Two possibilities arise: λ Π r = P, λ U r = σ x = σ 2 and ^ U p = (7 2 U p = λ, OΊ n ^ = σ 2 Π p = τ. The first is impossible since σ λ Φ σ 2 . If the second holds, then σ 1 = σ x U (0" 2 Π j°) = (<7i U o 2 ) Π ((Ji U p) = λ, contrary to OΊ < λ. Hence ^λ /(Γl Φ ί λ/σ . a> and each of the prime quotients λ/<r, σ e J, generates a unique minimal congruence on Θ\D). Thus © 4 (i)) has at least 2 2β atoms, and hence by Lemma 2.5, 0 4 (Z)) contains a sublattice isomorphic with the complete atomic boolean algebra with 2* atoms.
To complete the proof if suffices to show that every distributive lattice of cardinality γ can be embedded in a complete atomic boolean algebra with γ atoms. Suppose L is a distributive lattice of infinite cardinality γ. For each quotient a/b of L, let 0* /6 be a completely irreducible congruence on L such that Θ* 2: #«/&• Then Ha>&#*/& must equal the null congruence on L. Thus, since there are 7 pairs of elements a > b in L, the lattice L has a representation as a subdirect union of 7 copies of the two-element lattice. And hence L is a sublattice of the complete atomic boolean algebra with 7 atoms. This completes the proof of the theorem. Theorem 4.1 raises the question, can every distributive lattice of infinite cardinality a (or perhaps even 2 α ) be embedded in Θ\D) or Θ\D) if D has cardinality a ? Using the same techniques as above, it can be shown that if a is a limit cardinal such that 2 β < a whenever β < a, and D is a distributive lattice of cardinality α, then every distributive lattice of cardinality a can be embedded in Θ\D). Other than this, the question is open. 2 The chain of congruence lattices can be extended transfinitely in the natural way. For these chains it is easy to show that if D is an infinite distributive lattice, then any distributive lattice can be embedded in some transfinite iteration of Θ(D). 2 The following can be shown: the proposition that every distributive lattice of cardinality a can be embedded in Θ 2 (D) if D has cardinality a, is equivalent to the proposition that every boolean algebra of cardinality a has at least a prime ideals. Now if L is a weakly atomic modular lattice and Θ(L) is a boolean algebra, then for every proper quotient a/b of L there is a finite chain a = c 0 > c x > > c k = b such that each c i -1 lc i is minimal. As each Ci-JCi is thus finite dimensional the quotient α/6 is finite dimensional, and the proof is complete.
. Let L be an arbitrary lattice. Then L is isomorphic with Θ(L) if and only if L is a finite boolean
Since every compactly generated lattice is weakly atomic and has a unit and a null element, the following theorem is an immediate consequence of Theorem 4.2. These results illustrate the finiteness nature of the condition of complementation on Θ(L). In fact, if L is distributive, then a result of Hashimoto [4] states that Θ(L) is a boolean algebra if and only if the quotients of L are finite dimensional. This, of course, no longer holds for modular lattices unless some additional finiteness condition is imposed the continuous geometries are well known examples.
One of the principal results of Dilworth [2] is that if L is a relatively complemented lattice satisfying the ascending chain condition, then Θ(L) is a boolean algebra. This can be derived almost directly from Theorem 4.1. It is very easily shown that the conclusion of Lemma 2.1 (a) also holds for relatively complemented lattices. 4 Thus, as in the modular case, every prime quotient of a relatively complemented lattice is minimal. Let L be a relatively complemented lattice with the ascending chain condition, and let ajb be a proper quotient of L. By the inductive form of the chain condition, we may assume that if x > b, then there is a finite chain a = c 0 > c λ > > c k = x such that each c^jci is minimal. Let d be a maximal element in α/δ, and let x be a relative complement of d in a\b. Then since a\d is prime and hence minimal, 03/6 must minimal. Thus the condition of Theorem 4.1 is satisfied, and Dilworth's result follows.
